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An easier problem to reduce

A literal is either a variable x or its negation —x. An OR clause is an OR of literals. A CNF
formula is an AND of OR clauses. The SAT problem asks: “Is the input CNF formula
satisfiable?”
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We first give a special case of SAT which is still NP-complete. This will
make it much easier to prove other problems are NP-hard!
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We first give a special case of SAT which is still NP-complete. This will
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We first give a special case of SAT which is still NP-complete. This will
make it much easier to prove other problems are NP-hard!

The width of an OR clause is the number of literals it contains. A CNF
formula has width k if all its OR clauses have width k. For example,

(x V-oyVz)A(aVxV z) has width 3.

3-SAT asks: is the input width-3 CNF formula satisfiable?
Theorem: 3-SAT is NP-complete.
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An easier problem to reduce from: 3-SAT

A literal is either a variable x or its negation —x. An OR clause is an OR of literals. A CNF
formula is an AND of OR clauses. The SAT problem asks: “Is the input CNF formula
satisfiable?”

We first give a special case of SAT which is still NP-complete. This will
make it much easier to prove other problems are NP-hard!

The width of an OR clause is the number of literals it contains. A CNF
formula has width k if all its OR clauses have width k. For example,

(x V-oyVz)A(aVxV z) has width 3.

3-SAT asks: is the input width-3 CNF formula satisfiable?
Theorem: 3-SAT is NP-complete.

Certainly 3-SAT € NP, but our proof that SAT is NP-hard breaks for
3-SAT. So to prove NP-hardness, we will reduce SAT to 3-SAT; the result
then follows since SAT is NP-hard.
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The width of an OR clause is the number of literals it contains.
A CNF formula has width k if all its OR clauses have width k.

3-SAT asks: is the input width-3 CNF formula satisfiable?

Theorem: 3-SAT is NP-complete. Goal: Prove SAT <. 3-SAT.
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The width of an OR clause is the number of literals it contains.
A CNF formula has width k if all its OR clauses have width k.

3-SAT asks: is the input width-3 CNF formula satisfiable?
Theorem: 3-SAT is NP-complete. Goal: Prove SAT <. 3-SAT.

Let F be the input CNF formula to SAT. We will rewrite F as an

equivalent width-3 formula F’, then apply our 3-SAT oracle to F'.
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The width of an OR clause is the number of literals it contains.
A CNF formula has width k if all its OR clauses have width k.

3-SAT asks: is the input width-3 CNF formula satisfiable?
Theorem: 3-SAT is NP-complete. Goal: Prove SAT <. 3-SAT.

Let F be the input CNF formula to SAT. We will rewrite F as an
equivalent width-3 formula F’, then apply our 3-SAT oracle to F'.

Write F= G A G A--- AN Cy, where Cq,..., Cp are OR clauses. We want

to simulate each clause C; in F’. How we do this depends on its width.
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The width of an OR clause is the number of literals it contains.
A CNF formula has width k if all its OR clauses have width k.

3-SAT asks: is the input width-3 CNF formula satisfiable?
Theorem: 3-SAT is NP-complete. Goal: Prove SAT <. 3-SAT.

Let F be the input CNF formula to SAT. We will rewrite F as an
equivalent width-3 formula F’, then apply our 3-SAT oracle to F'.

Write F= G A G A--- AN Cy, where Cq,..., Cp are OR clauses. We want
to simulate each clause C; in F’. How we do this depends on its width.

C; has width 2: Say C; = x V y. Then we would like to replace C; with
x V yVFalse in F’, since this is True if and only if x V y = True.

But False is not a literal... Can we add a new variable which is always
False in any satisfying assignment?
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The width of an OR clause is the number of literals it contains.
A CNF formula has width k if all its OR clauses have width k.

3-SAT asks: is the input width-3 CNF formula satisfiable?
Theorem: 3-SAT is NP-complete. Goal: Prove SAT <. 3-SAT.

Let F be the input CNF formula to SAT. We will rewrite F as an
equivalent width-3 formula F’, then apply our 3-SAT oracle to F'.

Write F= G A G A--- AN Cy, where Cq,..., Cp are OR clauses. We want
to simulate each clause C; in F’. How we do this depends on its width.

C; has width 2: Say C; = x V y. Then we would like to replace C; with
x V yVFalse in F’, since this is True if and only if x V y = True.

But False is not a literal... Can we add a new variable which is always
False in any satisfying assignment? Yes! If we add this CNF to F:

F, = (—\21 V 2o \/23)/\(—|21 V 2o \/—\23)/\(—|21 V 2o \/Z3)/\(‘|21 V2o \/—\23)

then z; is forced to be False: No matter what value z, and z3 take, their
literals must both be False in one of the above OR clauses. v
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The width of an OR clause is the number of literals it contains.
A CNF formula has width k if all its OR clauses have width k.

3-SAT asks: is the input width-3 CNF formula satisfiable?
Theorem: 3-SAT is NP-complete. Goal: Prove SAT <. 3-SAT.

Let F = Ci A--- A Cp be the input CNF formula to SAT. We will rewrite F as an equivalent
width-3 formula F’/, simulating each C; with an equivalent width-3 CNF, then apply our 3-SAT
oracle to F’.

Width 2 clauses: v
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If C; has width 1: Say C; = —x. Then we would like to replace C; with
—x V False V False... which we already know how to do!
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Theorem: 3-SAT is NP-complete. Goal: Prove SAT <. 3-SAT.

Let F = Ci A--- A Cp be the input CNF formula to SAT. We will rewrite F as an equivalent
width-3 formula F’/, simulating each C; with an equivalent width-3 CNF, then apply our 3-SAT
oracle to F’.

Width 2 clauses: v

If C; has width 1: Say C; = —x. Then we would like to replace C; with
—x V False V False... which we already know how to do!

We just need to introduce an extra copy of our always-False variable z;
(since OR clauses can't contain two copies of the same literal). v
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The width of an OR clause is the number of literals it contains.
A CNF formula has width k if all its OR clauses have width k.

3-SAT asks: is the input width-3 CNF formula satisfiable?
Theorem: 3-SAT is NP-complete. Goal: Prove SAT <. 3-SAT.

Let F = Ci A--- A Cp be the input CNF formula to SAT. We will rewrite F as an equivalent
width-3 formula F’/, simulating each C; with an equivalent width-3 CNF, then apply our 3-SAT
oracle to F’.

Width 2 clauses: v

If C; has width 1: Say C; = —x. Then we would like to replace C; with
—x V False V False... which we already know how to do!

We just need to introduce an extra copy of our always-False variable z;
(since OR clauses can't contain two copies of the same literal). v

If C; has width 3: We can just leave it as it is. v
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The width of an OR clause is the number of literals it contains.
A CNF formula has width k if all its OR clauses have width k.

3-SAT asks: is the input width-3 CNF formula satisfiable?
Theorem: 3-SAT is NP-complete. Goal: Prove SAT <. 3-SAT.

Let F = Gy A--- A Cy be the input CNF formula to SAT. We will rewrite F as an equivalent
width-3 formula F’, simulating each C; with an equivalent width-3 CNF, then apply our 3-SAT
oracle to F’.

Width 1 clauses: v Width 2 clauses: v Width 3 clauses: Vv

If C; has width kK > 4: Say C; =41V ---V {£,. We would like to replace

C — (e1 =/ \/EQ)/\(GQ = 61\/£3)/\- . -/\(ek,g = ek,3\/£k,1)/\(ek,2\/€k),

as given the values of /1,...,/y, this is satisfiable if and only if
b1V -Vl = True.
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The width of an OR clause is the number of literals it contains.
A CNF formula has width k if all its OR clauses have width k.

3-SAT asks: is the input width-3 CNF formula satisfiable?
Theorem: 3-SAT is NP-complete. Goal: Prove SAT <. 3-SAT.

Let F = Gy A--- A Cy be the input CNF formula to SAT. We will rewrite F as an equivalent
width-3 formula F’, simulating each C; with an equivalent width-3 CNF, then apply our 3-SAT
oracle to F’.

Width 1 clauses: v Width 2 clauses: v Width 3 clauses: Vv

If C; has width kK > 4: Say C; =41V ---V {£,. We would like to replace

C — (e1 =/ \/Ez)/\(eg = 61\/£3)/\- . -/\(ek,g = ek,3\/£k,1)/\(ek,2\/€k),

as given the values of /1,...,/y, this is satisfiable if and only if
{1V -Vl =True. How do we implement the e;'s? We have

(a=bVc)ifandonlyif (aV-b)A(aV—-c)A(—-aVbVc),

the first two clauses on the right enforce a = False = bV ¢ = False,
and the last enforces bV ¢ = False = a = False. ]
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Example of SAT <. 3-SAT reduction

Suppose our original SAT instance is:
F=uAN(—uV-Vv)A(vV-wVxV-ayV-az)A(yVz)A(-vVwVz).

We transform this into a 3-SAT instance as follows:
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Example of SAT <. 3-SAT reduction

Suppose our original SAT instance is:
F=uAN(—uV-Vv)A(vV-wVxV-ayV-az)A(yVz)A(-vVwVz).
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F=uAN(—uV-Vv)A(vV-wVxV-ayV-az)A(yVz)A(-vVwVz).

We transform this into a 3-SAT instance as follows:
F' = (uV False V False) A (-uV —v V False)
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Example of SAT <. 3-SAT reduction

Suppose our original SAT instance is:
F=uAN(—uV-Vv)A(vV-wVxV-ayV-az)A(yVz)A(-vVwVz).
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We simulate the first instance of False with fi... and the second instance
with f.

John Lapinskas NP-completeness of 3-SAT 6/6



Example of SAT <. 3-SAT reduction

Suppose our original SAT instance is:
F=uAN(—uV-Vv)A(vV-wVxV-ayV-az)A(yVz)A(-vVwVz).

We transform this into a 3-SAT instance as follows:

F'=(uVfi VFalse) A (-uV-vVHh)
ANer=vV-w)A(ea=eVx)A(e3=eVy)
ANeV-zVA)A(yVzVA)A(-vV WYV 2z)
A(—AVaiVa)A(-fiVaV-a)A(—-fV-aVa)
(—\fl —-ay V ﬂag) A (—|f2 VaV az) AN (—|f2 VaV —|a2)

AN (—|f2 VvV a VvV az) N (—|f2 VvV —a VvV —|a2).

We simulate the first instance of False with fi... and the second instance
with f.

John Lapinskas NP-completeness of 3-SAT 6/6



Example of SAT <. 3-SAT reduction

Suppose our original SAT instance is:
F=uAN(—uV-Vv)A(vV-wVxV-ayV-az)A(yVz)A(-vVwVz).

We transform this into a 3-SAT instance as follows:
F'=(wVAVh)A(-uV-vVHh)
ANer=vV-w)A(ea=eVx)A(e3=eVy)
(sV—-zVHA)AN(yVzVAH)A(-VvV WYV 2)
(mAVarVa)A(-fiVarV-oa)A(-AV-aVay)
(mA Va1 Vaa)A(—hVarVa)A(-hVa V-a)
(

A
A
A
A(=h V=ar Vay) A(—h VvV -a V-ap).

We simulate the first instance of False with fi... and the second instance
with f.

John Lapinskas NP-completeness of 3-SAT 6/6



Example of SAT <. 3-SAT reduction

Suppose our original SAT instance is:
F=uAN(—uV-Vv)A(vV-wVxV-ayV-az)A(yVz)A(-vVwVz).

We transform this into a 3-SAT instance as follows:
F'=(wVAhVhH)A(-uV-vVh)
ANer=vV-w)A(ea=eVXx)A(e3=eVy)
(sV—-zVHA)AN(yVzVH)A(-VvV WYV 2)
(mAVarVa)A(-fiVarV-oa)A(-AV-aVay)
(mA Va1 Vaa) A (R VarVa)A(-hVa V-a)
(—hV-arVa))A(—fhV-ar V-ag).

A
A
A
A
Finally, we simulate the equality clauses.
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AerV-vVA)A(erVwV R)A(—er VvV -—w)
AN(eaV e VH)A(e2V xV H)A(—e VeV x)
A(es = eV y)
NesV-zVAa)A(yVzVh)AN(-vVwV2z)
AN(—AVarVa)A (- VaV-oa)A(-fV-aVay)
AN(—AV-arVaa)A(-hVarVa)A(-hVaV-ay)
A (=h V =a1 Vax) A(—h V-a V-ay).

Finally, we simulate the equality clauses.
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Phew! We could have done this directly, without the gadgets as intermediate
steps, but they made it much easier to think about...
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